The TRAPPIST-1 planetary system consists of seven planets within 0.05 au of each other, five of which are in a multi-resonant chain. These resonances suggest the system formed via planet migration; subsequent tidal evolution has damped away most of the initial eccentricities. We used dynamical N-body simulations to estimate how long it takes for the multi-resonant configuration that arises during planet formation to break. From there we use secular theory to pose limits on the tidal parameters of planets b and c. We calibrate our results against multilayered interior models constructed to fit the masses and radii of the planets, from which the tidal parameters are computed independently. The dynamical simulations show that the planets typically go unstable 30 Myr after their formation. Assuming synchronous rotation throughout we compute The agreement between the dynamical and interior models is not too strong, but is still useful to constrain the dynamical history of the system. We suggest that this two-pronged approach could be of further use in other multi-resonant systems if the planet's orbital and interior parameters are sufficiently well known.
INTRODUCTION
The star TRAPPIST-1 is an ultracool M-dwarf that harbours seven roughly Earth-sized planets (Gillon et al. 2017) . All of the planets orbit within 0.07 au of the star, and have orbital periods from 1.5 to 19 days (Gillon et al. 2017; Wang et al. 2017; Grimm et al. 2018) . Their orbits are slightly eccentric, and the outer five planets are in a multi-resonant chain which probably maintains the orbital eccentricities over time (Unterborn et al. 2018; Luger et al. 2017; Grimm et al. 2018 ). All of the planets have a density intermediate between the densities of compressed water ice and the Earth's inner core (Gillon et al. 2017; Wang et al. 2017; Unterborn et al. 2018; Grimm et al. 2018; Barr et al. 2018) , implying solid planets composed of rock, metal, and ice (see Figure 1 ). Despite their proximity to the TRAPPIST-1 star, the current stellar flux on each planet is modest, suggesting effective black-body surface temperatures ranging from 400 K to 167 K (Wang et al. 2017) . Basic orbital and physical quantities for these planets are listed in Table 1 .
The planets' eccentric orbits and short orbital periods raise the possibility that tidal dissipation may be a significant heat source in their interiors (Luger et al. 2017; Barr et al. 2018) , both now and in the past. Barr et al. (2018) showed that the planets' proximity to the central star and their eccentric orbits leads to interior geodynamics similar to that expected in the tidally heated satellites of the outer planets, specifically the inner Galilean satellites of Jupiter (Khurana et al. 2011) . Several of the TRAPPIST-1 planets could have partially molten rock mantles arising from a balance between heat generation by tides and heat transport by solid-state convection. These conclusions remain valid despite recent updates to the masses and radii of the TRAPPIST-1 planets (Dobos et al. 2019) .
Although the TRAPPIST-1 star is thought to be approximately 8 Gyr old, albeit with a large uncertainty (Burgasser & Mamajek 2017) , initial N -body simulations of the system's evolution have shown that the planets' orbits may only be stable in their present configuration for ∼ 0.5 Myr (Gillon et al. 2017) . Torques between the planets and the TRAPPIST-1 star can cause changes in the semimajor axes of the planets, and eccentricity damping by tidal dissipation can cause the orbits to circularize. Eccentricity damping is known to enhance the system's stability, with the damping rate controlled by the planets' internal rigidity and viscosity through the value of the k2 Love number, which describes how the planet's gravitational potential changes in response to tidal deformation, and the tidal quality factor, Q, which is a measure of how many orbital periods are needed to damp the tidal energy (Murray & Dermott 1999a) . The tidal torque additionally depends on the principal moment of inertia coefficient, C = I/M pl R Table 1 . Semi-major axes (a), eccentricities (e), masses (M pl , scaled by Earth's mass, M ⊕ = 5.98 × 10 24 kg), and radii (R pl , scaled by Earth's radius, R ⊕ = 6371.8 km) for the seven TRAPPIST-1 planets from Grimm et al. (2018) and Delrez et al. (2018) . Figure 1 . Mass-radius relationship of the TRAPPIST-1 planets from Grimm et al. (2018) . Colours represent estimated H 2 O content (including liquid water, ice and high-pressure polymorphs) in volume fraction (percentage), based on the calculations for representative cases in the work of Dobos et al. (2019) .
ment of inertia around the planets' principal rotation axis, M pl is the planet's mass, and R pl is its radius (Mignard 1979) . In the orbital stability studies of Gillon et al. (2017) and Luger et al. (2017) , terrestrial and lunar values were used for the tidal parameters (Lambeck 1980; Néron de Surgy & Laskar 1997; Bolmont et al. 2015) for all of the TRAPPIST-1 planets. In reality the tidal quantities depend sensitively on the planets' interior structures and thermal states (e.g., Peale & Cassen 1978; Lambeck 1980; Segatz et al. 1988) , which have been shown to be substantially different from that of the Earth and Moon ).
Here, we independently calculate two estimates for the tidal parameters of the innermost two TRAPPIST-1 planets using a combination of N-body dynamics and the simple four-component compositional model from Dobos et al. (2019) . We provide estimates for the tidal quality factor Q and k 2 Q from both models that are consistent with the interior geodynamics, and discuss the agreement between the two approaches.
CURRENT DYNAMICAL STATUS OF THE TRAPPIST-1 SYSTEM
The TRAPPIST-1 system is one of the few known systems in which most of the planets are in an orbital mean-motion resonance with each other. It is characterised by at least four two-body meanmotion resonances as well as up to five three-body resonances (Luger et al. 2017) . We test whether these resonances still can be seen in the latest observed physical and orbital parameters (see Table 1 and Figure 1 ) from Grimm et al. (2018) . We simulate the system with nominal parameters for 100 years and 100 kyrs respectively with the SWIFT MVS software package (Levison & Duncan 1994) . We do not investigate stability of the nominal system on longer timescales. The effect of general relativity is included for the periastron precession (Nobili & Will 1986) . The time step is set to 0.03625 days. We set the mutual inclinations (i) and longitudes of the ascending nodes (Ω) to 0 for all planets. We find that planets d to g are trapped in sequential two-body mean-motion resonances, and a resonance also involves planet h since their resonant angles (φ) librate. These resonances are
where λ = M + is the mean longitude, with M being the mean anomaly, = ω + Ω is the longitude of periastron and ω is the argument of periastron. The last remaining resonance angle, φ gh2 = 3λ h − 2λg − h , does not librate. Figure 2 shows the evolution of the resonant angles with time for 100 yr, indicating libration for all but one of the resonant angles. The libration period of the resonant angles is approximately 1.4 years.
The resonant angles can be manipulated to compute ∆ = i − j between any two planets. The results are displayed in Figure 3 . Generally each consecutive pair of planets is approximately anti-aligned (∆ ∼ 180
• ) but other non-sequential pairs are librating around values approximately 60
• away from 0. Alignment with planet d is sometimes broken into circulation because of secular forcing from planets b and c. Secular perturbations generally make the longitudes of periastrion progress with time (˙ > 0) but in a mean motion resonance generally the periastra regress (˙ < 0) (Murray & Dermott 1999b) . For the resonant planets the regression period is also equal to the libration period of the resonant angle i.e. 1.4 years, so that the regression is about˙ = −951 000 "/yr, or approximately 4.61 rad/yr. This is between 0.8% to 3% of the orbital motion of planets d to g. Planets b and c are not tied to any of the resonances and their longitudes of periastron progress with a period of about 40 years. For planet h the precession is 350 years. These precession periods correspond to frequencies of 30 000 "/yr and 3700 "/yr respectively.
The planets are also caught in several three-body resonances (Luger et al. 2017) . These are 
and are the result of combining the angles of two consecutive twobody resonances. The short-term variation of these angles is plotted in Figure 4 . On longer timescales, however, all of the three-body resonances break (see Figure 5 ). We find that this typically happens after a few tens of thousands of years, much earlier than found by Grimm et al. (2018) . We do not know what methodology and initial conditions they employed to keep the three-body angles librate for more than a million years. In contrast, the two-body resonant angles appear stable for at least 100 kyr. When the system leaves the three-body resonances, the semimajor axes of the planets exhibit irregular jumps ( Figure 6 ). Unlike the planets in the solar system, for which the semi-major axes are constant, the TRAPPIST-1 system is caught in multiple resonances which affect the semi-major axes. Since none of the major planets in the solar system are resonant, the system is governed by secular interaction rather than resonant interaction, and the former preserves the semi-major axes (Murray & Dermott 1999b) . The irregular jumps in the semi-major axes of the TRAPPIST-1 planets are attributed to three-body resonance overlap (Quillen 2011) , and the system is therefore chaotic. A very rough estimate of the longevity of the system against chaotic diffusion in semi-major axes is given by the time it takes for the semi-major axes to wander a distance approximately equal to the interplanetary spacing. Two estimates of this timing are given by (Quillen 2011; Quillen & French 2014) 
where µ = mp/M * and δ = α −1 jk − 1 is the interplanetary spacing, with α jk = min(aj/a k , a k /aj) depending on the indices j and k. For TRAPPIST-1 typically µ ∼ 2 × 10 −5 and δ ∼ 0.3 so that τ l1 = 6.7 Gyr and τ l2 = 15 Gyr. A stability time of 10 Gyr would require δ > 0.27 (Faber & Quillen 2007) , which is satisfied for all pairs except f and g. Given that the age of the system is about 8 Gyr (Burgasser & Mamajek 2017) , in the absence of tidal relaxation, the system could be close to instability, although the low angular momentum deficit (AMD) of the system would prevent a global instability (Laskar 1997) . Ormel et al. (2017) have performed the most in-depth study of the formation of the TRAPPIST-1 system based on pebble accretion. They conclude that a mixture of said accretion and type 1 migration will place the planets in a multi-resonant configuration. The lack of resonances among the inner three planets is readily explained by the inner planets having been nudged outwards by the edge of the protoplanetary disc due to magnetic rebound ). While this demonstrates several arguments in favour of forming the TRAPPIST-1 system with pebble accretion, the study by Ormel et al. (2017) just assumes that the planets migrate into resonances and forgoes performing a more in-depth study of the dynamics of this resonant trapping and its consequences. While a very detailed analysis of this effect is a study in itself, here we build a plausible argument for what the orbital structure of the TRAPPIST-1 system could have been before and shortly after the dispersal of the protoplanetary disc. For simplicity we assume steady-state accretion of the disc gas onto the star. The gas accretion rate is related to the gas surface density and scale height of the disc viȧ
THE POSSIBLE FORMATION OF THE TRAPPIST-1 SYSTEM
where Σ is the gas surface density, H is the disc scale height and ΩK is the Kepler frequency. The viscosity ν = αaccc 2 s ΩK (Shakura & Sunyaev 1973) , where αacc is an 'effective' parameter for global angular momentum transfer of the disc, which is assumed to be constant. The disc scale height is related to the temperature via H = cs/ΩK where c 2 s = (kBT /µmp) is the isothermal sound speed, kB is the Boltzmann constant, mp is the proton mass, and µ = 2.3 is the mean atomic mass of the gas.
For simplicity we make use of the disc model from Ida et al. (2016) , which is based on the works of Garaud & Lin (2007) and Oka et al. (2011) , but the analysis below can also be applied to more complex disc models. The disc is assumed to be in a steady state and the temperature and surface density are power laws of the distance to the star. The best fit for the temperature profile is given by (Garaud & Lin 2007; Ida et al. 2016 )
The unit of the stellar mass and stellar luminosity are the current solar values. The disc is assumed to be heated by the stellar flux, which generally applies to the outer portions of the disc. From the above temperature relation the reduced scale height becomes
The surface density then follows from the steady state accretion and we have p = −d ln Σ/d ln r = 15/14. The nominal luminosity of pre-main sequence M-dwarf stars is L * ∼ M 2 * and thus in the first 1-10 Myr after the birth of TRAPPIST-1 the luminosity is L * ∼ 0.01 L (Baraffe et al. 2015) . A value of αacc = 10
is consistent with the minimum-mass solar nebula (MMSN) when the stellar accretion rate isṀ = 10 −8 M yr −1 (Ida et al. 2016) , which corresponds to a stellar age of about 1 Myr (Hartmann et al. 1998) . Furthermore, the stellar accretion rateṀ * ∝ M 2 * (Manara et al. 2015) . For the young TRAPPIST-1 we then have that at 1 Myṙ M ∼ 10 −10 M yr −1 and h ∼ 0.023 at 0.06 AU, and with these parameters our disc model is generally valid when r 0.06 AU. For comparison, Ormel et al. (2017) adopted a constant reduced scale height of 0.03, which with our prescription occurs at about It is likely that the TRAPPIST-1 planetary system migrated inwards to its current location (Unterborn et al. 2018) . If this system formed through pebble accretion , then the migration was likely stalled by the innermost planet reaching the magnetic truncation of the disc ) and the other planets all migrated into subsequent j + 1 : j mean-motion resonances. Resonance trapping occurs if the migration rate is slower than some critical value (Petrovich et al. 2013 ), i.e. when the rate of change of the mean motionṅ ≤ṅcrit, where n 2 = G(M * + mp)/r 3 is the orbital frequency. This can be converted to a migration timescale τc = n/ṅ τc ≥ 26 wp
where wp is a numerical factor that depends on the resonance (1.33 for the 2:1 and 3.38 for the 3:2). If the planets are formed through pebble accretion ) then they are suggested to stop accreting solids when they reach the pebble isolation mass (Lambrechts et al. 2014 ) miso = 0.5h 2 M * ∼ 1 M⊕. This is comparable to the thermal mass at which the planet opens a gap in the disc, mgap = 6miso ∼ 5M⊕. Planets above this mass will execute so-called type II migration (Lin & Papaloizou 1986) , while lower-mass planets execute so-called type I migration (Tanaka et al. 2002) . Since all planets are closer together than the 2:1 resonance, but usually not closer than the 3:2, this sets both an upper and a lower limit on the migration speed which is inconsistent with type II.
To lowest order in eccentricity, the type I migration timescale of the planets is given by
where the eccentricity damping time scale is (Cresswell & Nelson 2008 )
whereê = e/h. We further have τm = −L/L which is given by
where Γ =L is the total torque (usually negative) and τm < 0 for outward migration. Here Pe is a function of eccentricity that takes care of supersonic corrections (Cresswell & Nelson 2008 )
The wave timescale is given by (Tanaka & Ward 2004) 
The total torque is the sum of the Lindblad and corotation torques. Accounting for the effect of saturation, in the subsonic case we have approximately Γ = 5.51q − 4.94 (Paardekooper et al. 2011) where
, whose nominal value is 3/7. At 0.1 AU for an 1 M⊕ planet twav ∼ 40 yr and the typical migration time is τa ∼ 12 kyr. The critical migration time τc = 1150 yr, so the planets are expected to get trapped into resonances (since τa > τc). In fact, it is expected that they should all be in the 2:1 resonance and the reason they passed over this resonance is because that configuration was probably overstable (Goldreich & Schlichting 2014) . Once capture occurs, the inward migration of the planets is balanced by the resonances and any planet pair will be caught in a resonance wherein their equilibrium eccentricity is (Goldreich & Schlichting 2014) 
This leads to τe τa = 2.564|Γ|h 2 .
With the nominal parameters, eeq ≈ 1.3h. Thus we expect the TRAPPIST-1 system to have migrated into a multi-resonant j + 1 : j chain, with planets b and c possibly having been dislodged by a magnetic rebound , where the eccentricities of all planets were comparable to the reduced scale height i.e. about 0.03.
NUMERICAL SIMULATIONS OF LONG-TERM STABILITY
The current eccentricities are about a factor of 3-5 lower than what is predicted when the planets were initially captured in resonance. Thus we theorise that the current configuration could have only been reached after tidal damping of the initial eccentricities. However, the key to stability is the timescale of eccentricity damping.
From numerical experiments lasting 100 Myrs, Izidoro et al. (2017) found that in excess of 75% of multi-resonant low-mass planetary systems go unstable in the absence of tidal damping; based on observational data from exoplanetary systems they further argue that as many as 95% multi-resonant systems must go unstable (cf. Goldreich & Schlichting 2014) . This begs the question as to whether the primordial TRAPPIST-1 system, wherein the planets are all expected to have eccentricities e ≈ h, was unstable as well, and if so, on what timescale. To test this hypothesis we perform simulations of the TRAPPIST-1 system for 100 Myrs wherein we systematically increase the initial angular momentum deficit (AMD) of the system. We choose this quantity rather than the individual eccentricities of the planets because the former is a measure of the dynamical excitation of the whole system rather than that of an individual planet. The normalised AMD is given by
Its value for the current orbital parameters is approximately 2.6×10 −5 . We increase the initial AMD from 4 times to 21 times the current value, with the total AMD randomly partitioned amongst the planets; the upper value corresponds to all planets having an eccentricity of e ∼ h. In these simulations we keep initial phases the same as those published in Grimm et al. (2018) to preserve the resonant structure. This allows us to investigate the effect of only the initial AMD on the instability timescale. The simulations are once again run with SWIFT MVS with the same parameters as in Section 2, but the total simulation time is increased to 100 Myrs. A system is defined to be unstable when we record an encounter between a pair of planets.
The outcome of these simulations are summarised in Figure 7 , which shows the timescale to reach instability versus the initial AMD normalised by the current value. We find that half of all unstable cases have AMD/AMD0 19, and that the median time for the system to go unstable is 27.5 Myrs. There is large scatter in the plot but there is also a clearly decreasing trend for the onset of instability with increasing AMD. Systems with AMD/AMD0 ≤ 13 are generally stable for the duration of the simulation. Therefore, in absence of tidal dissipation, we expect the system to be unstable on a timescale of about 30 Myrs if all the planets originally had eccentricities comparable to the disc scale height. This sets an upper limit on the eccentricity damping timescale for the planets, and therefore on their interior structure and composition.
TIDAL EVOLUTION AND ECCENTRICITY DAMPING TIMESCALES
To lowest order in eccentricity, the secular interaction between the planets follows the Laplace-Lagrange theory. This theory treats the planets as a set of coupled oscillators and can thus be reduced to an eigenproblem (Murray & Dermott 1999b ). Here we follow the elegant approach of Batygin & Laughlin (2011) and Lovis et al. (2011) wherein tidal evolution and precession of the periapse caused by tides and general relativity are considered too. Unfortunately, the Laplace-Lagrange theory does not work for resonant planets, because the resonant interaction increases the precession rate close to resonance and reverses its direction in resonance (Murray & Dermott 1999b) . In Section 2 we showed that planets d to g are in multiple resonant chains, and that planets g and h are also in a resonance wherein one of the resonant angles librates. We deduced from our numerical simulations that the influence of the resonances causes the periapses of planets d to g to regress with peroids of about 1.4 yrs. Secular coupling is the strongest between planets whose precession frequencies are close together and in the same direction (e.g. Murray & Dermott 1999b) . As a result, secular coupling between the resonant quadruplet d to g is very strong and they form one secular group. However, these middle planets are only weakly coupled to planets b, c and h, which form the second secular group, because of the large disparity (and opposite direction) of the motion of the periapses of these two planet groups.
To emphasise the validity of this claim Figure 8 shows the Fourier decomposition of the eccentricity vectors of planets b, c, d and h. Since the motion appears to be chaotic, we chose to show the decomposition over 64 intervals of 4096 years each, for each planet, keeping only the 7 leading terms in the Fourier spectrum. Prominent frequencies are at 2000 "/yr, 4900 "/yr, 5800 "/yr, 6500 "/yr and 29500 "/yr. It is clear that for planet d the leading terms are associated with the resonance, but that other terms also play a role; the resonant term also shows up in the spectrum of planet h. For the innermost two planets, however, the resonant terms do not appear. As such, we resort to approximate the secular interaction for the whole system with the Laplace-Lagrange theory with the caveat that only the eigenfrequencies associated with planets b and c, and possibly h, are useful. The effect of the three-body resonances on the precession frequencies is similar to the two-body resonances (Quillen & French 2014) .
Before we proceed a clarification is in order. In what follows we assume that the eccentricity evolution primarily occurs when the planets are in synchronous rotation. This is not entirely correct, because the tidal evolution on the planets will reduce both their eccentricities and their spin rates, and the planets may temporarily be trapped in spin-orbit resonances while their eccentricities are decreasing (Correia et al. 2014 ). However, the initial eccentricities after formation are expected to be of order 0.03, which are low enough that only temporary capture in the 3:2 spin-orbit resonance becomes feasible (Correia et al. 2014 ). An in-depth study of how the system evolves tidally with the planets locked in this spin-orbit configuration is beyond the scope of this paper.
Defining z = e exp(ı ), where ı is the imaginary unit and = Ω + ω is the longitude of periapse, without tides the equation of motion for the eccentricity and periapse of planet j iṡ
where the matrix A contains the mutual interaction terms, which only depend on the masses and separation (Murray & Dermott 1999b), and the effect of general relativity (Batygin & Laughlin 2011; Lovis et al. 2011 ). This system of equations has the solution
where the g k are the eccentricity eigenfrequencies and theē jk are the eigenvectors and δ k are initial phases. To add in the tidal influence, we assume the eccentricities are damped according tożj = zj/τ (j) t (Batygin & Laughlin 2011) , where τt is the tidal damping timescale for each planet. It can be demonstrated from equation (159) in Boué & Efroimsky (2019) that for synchronous planets the frequency dependencies of the quadrupole quality functions k2j/Qj are model-independent. Consequently, for synchronous planets, the eccentricity damping timescales introduced by (Goldreich & Soter 1966) are also modelindependent, and are given by
where Pj is the planet's orbital period, mj is the mass, k2j is the second degree Love number, Qj is the tidal dissipation parameter, Rj is the radius and aj is the semi-major axis of planet j. The effect of eccentricity damping by tidal friction within the planets can be modelled by adding an additional term to equation (15) aṡ
where Cjj = 1/τ (j) t (Batygin & Laughlin 2011) . The diagonal matrix C adds a complex component to the eigenfrequencies. The solution is the same as equation (16), but eigenfrequencies g k are now complex and the eigenvectors decrease with time. Furthermore, the imaginary components of the eigenfrequencies are unequal, so that the decay timescale of several of the modes can be considerably longer than the shortest ones. Hence the system will eventually evolve to a state that has only a single secular eigenmode. The decay timescale of each eigenmode is (Batygin & Laughlin 2011) 
The eigenmode decay timescale τ (j)
d can be far longer than the tidal damping timescale τ (j) t so that even the innermost planets' orbits can stay eccentric for a long time because of secular coupling with the more distant planets (Batygin & Laughlin 2011; Lovis et al. 2011) . Once the system only contains a single secular eigenmode, the rates of orbital precession are identical for all planets that are not in resonance. These orbits are either aligned or anti-aligned, depending on which particular eigenmode has survived. The orbital elements of the current system indicate that it has not yet reached that state. This is expected for planets d to g because they are in (three-body) resonances. The eccentricities of planets b, c and h are also inconsistent with zero, and of these only planet h is caught in a resonance.
The eigenfrequencies and associated eigenmodal damping times are listed in Table 2 as a multiple of the secular damping timescale in planet b (τ
Here we assumed that the lowest value of τ (j) d corresponds to dissipation in planet b, the next shortest by dissipation in planet c, and so forth. Naturally some of the calculated frequencies make little sense because the resonant interaction is not taken into account, but for the frequencies corresponding to planets b, c and h this assumption is justified. The results in the table are based on an additional simplifying assumption that all the planets have the same composition and therefore the same rheology. This is demonstrably false (Unterborn et al. 2018; Barr et al. Only the 7 strongest modes were kept (depicted in black, red, blue, green, orange, indigo and cyan, respectively). From this simple experiment it is clear that the mode that damps the slowest takes at least 30 times as long as the mode that damps the fastest. This is in stark contrast to the ratio of the physical damping timescales in each of the planets, where the maximum ratio runs into the ten thousands. Significantly increasing or decreasing the damping efficiency in planets c to h while keeping the parameters for planet b fixed does not substantially change the values reported in the table, implying that most of the damping of the whole system occurs in planet b (and c). The disparate ratios of the values of τ (j) t compared with τ (j) d reinforce this claim. Unless damping in planet b is much less efficient than in planet c, the rate of eccentricity dissipation in planet c is expected to be about a third of that in planet b if they share a similar composition and tidal parameters.
We argue that if we want to keep the system dynamically stable within 100 Myrs to avoid breaking the resonance (Izidoro et al. 2017) , and in light of the result given in Figure 7 , the damping timescale in planet b cannot greatly exceed 10 Myrs, because we need to damp most of the AMD within 30 to 100 Myrs. This sets a lower boundary on the tidal parameters of this planet. Generally τ
t , but for planet b they are comparable within a factor of two for a given composition because the term C11 dominates the secular motion of planet b in equation (18) . Assuming these timescales are equal, assuming synchronous rotation and setting τ t , which is also correct within a factor of two for the rheologies assumed here, then setting τ (c) t 10 Myr for planet c we have
−3 , which is comparable to that in the Moon, Mars and deep Earth. In the next section we compare these values with those generated from interior models.
TIDAL PARAMETERS FROM INTERIOR MODELS
The response of a planet to tidal forcing is described by the three Love numbers, h2 and l2, which describe tidal deformation, and k2, which describes changes to the planet's own gravitational potential due to the tidal deformation. For a viscoelastic body (Peltier 1974; Greff-Lefftz et al. 2005; Henning et al. 2009; Wahr et al. 2009; Efroimsky 2012; Barr et al. 2018) ,
whereρ is the planet's bulk density, g is its surface gravity, and the planet's rigidity is µ * = M1 + iM2, where the star superscript denotes complex quantities. For simplicity we apply the Maxwell viscoelastic body model (Peltier 1974) , for which
and
where µ is the rigidity, η is viscosity, and ν = 2n − 2Ωrot is the tidal forcing frequency, in this case, ν = 2π/P , where P is the orbital period of each planet. The Maxwell model does not adequately reproduce the tidal dissipation in cold planets such as Mars (Bills et al. 2005) , but the innermost few TRAPPIST-1 planets are expected to have hot interiors ) so that the application of the Maxwell model may be warranted. The overall behaviour of the planet is analogous to a damped, driven oscillator, being driven at frequency ν. Dissipation is maximized when the forcing time scale, T f = 2π/ν is equal to the Maxwell time, which is ratio between the viscosity and rigidity, i.e. τM = η/µ. We mimic the effect of a multi-component, layered planet using a single, approximate uniform viscosity and rigidity Dobos et al. 2019) ,
where η represents the viscosity of the material. The indices refer to different material layers in the body: "iw" for ice I and/or liquid water, "hpp" for high-pressure polymorphs, "r" for rock, and "Fe" for iron. We use a similar relationship to construct a single value of the shear modulus (µ) that approximates the behaviour of the entire planet Dobos et al. 2019) ,
We neglect the viscosity and rigidity of the planets' iron cores because tidal deformation of, and thus dissipation in, the cores will be negligible due to the restoring force imposed by the rock and ice mantle that lies atop the core in each body (Henning et al. 2009 ). The η and µ for each of the constituent materials depend strongly on temperature. Governing parameters and equations describing the material behavior may be found in Barr et al. (2018) and are too cumbersome to repeat here in full detail. For the rocky component of the TRAPPIST-1 planets, we assume a compressed bridgmanite composition (Unterborn et al. 2018), consistent with the lower mantle of the Earth, with a density ρr = 5500 kg/m 3 (Dziewonski & Anderson 1981) . The viscosity and rigidity of rock change as a function of temperature, with both quantities decreasing sharply for temperatures above the solidus (Ts = 1600 K). Another sharp decrease occurs when the volume fraction of solid rock is equal to the volume fraction of melt, at which point the crystal/melt mixture behaves more like a liquid than a solid (Renner et al. 2000) . For temperatures below the solidus, we assume that the viscosity of rock is controlled by the deformation rate due to volume diffusion (Karato et al. 1995; Solomatov & Moresi 2000) . For ice I, we assume ρiw = 1000 kg/m 3 and that the viscous creep is accommodated by volume diffusion (Goldsby & Kohlstedt 2001) . Above the melting point, values for the viscosity of liquid water are used, and the rigidity is set to zero. For the high pressure ice polymorphs, we assume ρ hpp = 1300 kg/m 3 , which accounts for the possible presence of ice phases II through VII (Hobbs 1974) . We assume that the viscosity of the hpp ices follows an approximate Newtonian flow law applicable to ices VI and VII, which are volumetrically dominant in the TRAPPIST-1 bodies . For the shear modulus for hpp ices, we use an average value over the range for which experimental data exists (Shimizu et al. 1996) . For the density of iron, ρFe = 12, 000 kg/m 3 , consistent with the density of Earth's inner core (Dziewonski & Anderson 1981; Unterborn et al. 2018) .
We compute the total amount of energy produced by tidal dissipation in each planet assuming once again that the planets are in synchronous rotation, so that the multiple tidal forcing frequencies are all equal to the orbital frequency. For this configuration the tidal dissipation is (Segatz et al. 1988 ),
where Im(k * 2 ) is the imaginary part of k * 2 and G is the gravitational constant and n is the orbital frequency (which is equal to the rotation frequency). Combining equations (20), (21), and (22) to find the real and imaginary parts of k * 2 , we get
where
The tidal quality factor is then computed as Segatz et al. 1988) . Following the method of Mignard (1979) , it is common to use the quantity k2∆t to calculate tidal torques (e.g. Bolmont et al. (2015) ), where k2 is the amplitude of k * 2 and ∆t is the time lag between the application of the tidal force and the planet's response to the forcing (Murray & Dermott 1999a) . The conversion from a Q-model to a time lag model is given by
In our simplified case ν = n and the computed value of ∆t is specifically tied to this forcing frequency. The relationship above should be used with extreme caution, because it is not applicable to cold, mostly solid planets because the forcing frequencies are generally very different from the natural frequencies inside the body (Makarov 2015) . As such, we provide the relationship for reference only. We use the nominal planetary orbital and physical parameters together with the best-fit interior composition to evaluateĖ tidal , the tidal Love number and quality factor below. We take into account all the possible interior structures of the TRAPPIST-1 planets as presented in the work of Dobos et al. (2019) . It varies from the lowest density case to the highest, according to the possible mass and radius pairs (taking into account their error bars) from Table 1 . This covers even unlikely cases where one of the constituent materials are not present in the body (for example φr = 0).
The left panel of Figure 9 illustrates how the Q value of TRAPPIST-1 b varies as a function of the rock mantle temperature. Here, we have assumed the best-fit values for mass and radius: M b = 1.017M⊕, R b = 1.121R⊕. We look at a single representative interior model with φr = 0.5, φiw = 0.01, φ hpp = 0.41, and φFe = 0.08, chosen because of its mixed ice/rock composition. The value of Q changes by many orders of magnitude as the temperature of the rock mantle increases from 1000 K to 1800 K, so the behaviour of the interior of the planet in response to tides is worth discussing in detail. For an even more in-depth discussion see Barr et al. (2018) .
Tidal dissipation arises in a solid planet because the tidal forces drive the planet to deform, doing work against its own internal rigidity and self-gravity. For temperatures below the solidus, η and µ are large, the planet is stiff and does not deform much in response to tidal forces. In this case, Q can be enormously high, with values of 10 5 or even 10 6 . At higher temperatures, the viscosity and rigidity of the bulk planet decrease, permitting more tidal deformation and dissipation. However, as the planet's temperature increases above the solidus (Ts =1600 K), the presence of melt in the planet's mantle causes the viscosity and rigidity to decrease. Tidal dissipation becomes less efficient. At temperatures well above the solidus, the viscosity and rigidity of the rock mantle are extremely low, so the internal rigidity of the planet is low, and tidal dissipation is small, leading once again to high Q values. Tidal dissipation is maximized when the mantle is at the solidus temperature, and Q ∼ 300. However, the equilibrium mantle temperature, at which the tidal heat flux is equal to the convective heat flux, is larger than Ts; in the case of TRAPPIST-1 b this temperature is Teq = 1692 K, which contains a melt fraction at which there is both strong tidal heating and efficient convective heat transport. For this structure and composition for planet b, Q = 5.65 × 10 4 ; we also compute |k * 2 | = 1.498 and the Maxwell time τM = 20.5 d. The very high |k * 2 | value is caused by the presence of partial melt in the mantle.
To compare the behaviours of planets b and c, consider the Q value of TRAPPIST-1 c calculated for a reference case with M pl = 1.156M⊕, R pl = 1.095R⊕, φiw = 0.009, φ hpp = 0.328, φr = 0.5, φFe = 0.163. In this case, Teq = 1664 K, cooler than planet b, and Q = 1.01 × 10 4 , a factor of 5 lower than the quality factor for planet b; for this planet |k * 2 | = 1.49 and τM = 26.9 d. The middle panel of Figure 9 illustrates how the Q values for TRAPPIST-1 b and c vary as a function of the rock volume fraction for all possible interior states. The width of the lines illustrate the uncertainty in Q due to uncertainties in the masses and radii of the planets, as well as the amounts of rock/metal/ice in their interiors. We find that TRAPPIST-1 b has Q = (4−20)×10 4 for cases where φr > 0.1 (i.e., excluding the unlikely cases where the planet contains very little rock). TRAPPIST-1 c has Q = (0.7 − 3.7) × 10 4 . The values of k2/Q range from (0.075 − 0.37) × 10 −4 for TRAPPIST-1 b and (0.4 − 2) × 10 −4 for TRAPPIST-1 c. This computed value of k2/Q for planet b is lower than what was predicted from the dynamical simulations in the previous sections, but the agreement between these two approaches is still reasonable. The level of disagreement between the two computed values of k2/Q for planet c is similar. The corresponding time delays are then k2∆t = 0.04 sec to 0.75 sec for planet b and k2∆t = 0.6 sec to 7 sec for planet c.
MOMENTS OF INERTIA AND PRECESSION FREQUENCIES OF SPIN POLES
The interior models presented in the previous section can be used to compute the polar moment of inertia of the planets and compare their internal mass distribution with known values for solar system bodies. The combination of the moment of inertia and tidal parameters allows us to constrain the precession constants of the spin poles of these planets, which could have implications for climate cycles. The moment of inertia for a spherical planet about its principal rotation axis is (Turcotte & Schubert 2002) ,
For a uniform-density sphere, C = 2/5, and values less than 2/5 indicate the concentration of high-density materials toward the centre of the planet. Assuming the planets are fully differentiated, which seems likely given their high rock fractions (Friedson & Stevenson 1983) and tidal heat budgets , the moment of inertia integral can be evaluated for each distinct compositional layer, giving
where zFe = ρFe/ρ, zr = ρr/ρ, z h = ρ hpp /ρ, zi = ρi/ρ, xr = φ 1/3
Fe , x h = (φFe + φr) 1/3 , and xi = 1 − xr − x h (see the top right panel of Figure 10 for an illustration of the definition of the x values). Figure 10 illustrates how the moment of inertia vary for each valid interior structure for planets b and c. We find that C ranges from ∼ 0.235 (extremely centrally condensed) to 0.4 (a homogeneous sphere). For comparison, in our Solar System, the solid planetary bodies have C ∼ 0.31 (Jupiter's moon Ganymede) to 0.38 (Jupiter's moon Callisto; Schubert et al. 2004) ; Earth has C = 0.33 (Turcotte & Schubert 2002) and Mars has C = 0.366 (Bertka & Fei 1998) while the Moon has C = 0.395 (Bolt 1960 ). The gas giants have C ∼ 0.25 (Helled et al. 2014) .
It should be noted that simply assuming a terrestrial value for the moment of inertia for all of the planets can cause the tidal torque to be overestimated by ∼20 to 50% (Mignard 1979) . From our compositional models for the TRAPPIST-1 planets, it seems that C can be as low as 0.235, which can arise for planets whose interiors are composed of ice and iron and have very little rock. Taking into account geochemical arguments about the ratios of rock to metal (Unterborn et al. 2018) we may be able to rule out such extreme cases. For the representative cases (gray circles in Figure 10 ) we get C = 0.289 for planet b and C = 0.286 for planet c.
The moment of inertia values of planets b and c can be used to compute the precession frequencies of their spin poles. Tidal evolution should have placed the planets' obliquities in Cassini state 1, which has an obliquity near 0
• (Colombo 1966) , and their rotations into the synchronous state. Then, due to rotational and tidal deformation, the expected value of J2 is (Correia & Rodríguez 2013) 
where we have assumed e ≈ 0 and a zero obliquity. Our choice for the eccentricity is justified because for all the planets e < 0.01 and the leading term in eccentricity for J2 is 1 + 3 2 e 2 . In the expression for J2, n is the mean motion, and k f is the fluid Love number, which is related to the moment of inertia via the Darwin-Radau relationship,
The precession frequency of the spin pole is given by (Colombo 1966) where we assumed synchronous rotation. Adopting the representative composition for TRAPPIST1-b, we obtain J2 = 2.92 × 10 −3 and that α = 23 rad/yr, while for the representative case for planet c we have J2 = 9.6 × 10 −4 and α = 4.77 rad/yr. The spin precession periods for both planets are shorter than an Earth year. These are faster than the eccentricity precession frequencies which exclude chaotic obliquity variations. For a full range of possible α values obtained for the different possible interior structures, see Figure 11 . For planet b, α varies between 16 and 31 rad/yr, but for planet c the range is much smaller: 3.5 < α < 6.5 rad/yr. The precession frequencies of the ascending nodes of these planets are expected to be similar in magnitude, but in the opposite direction, to their apsidal precession frequencies i.e. approximately −29000 "/yr. As such, the spin precession frequencies of the poles are much faster than their nodes, and, apart from obliquities very close to 90
• , we do not expect these planets to be in a secular spin-orbit resonance or to have a chaotic obliquity evolution.
DISCUSSION AND CONCLUSIONS
Although the TRAPPIST-1 planets experience tidal heat fluxes similar in magnitude to tidal heat fluxes experienced by Solar System objects like Io and Enceladus (Spencer et al. 2006; Howett et al. 2011; Barr et al. 2018; Dobos et al. 2019) , the values of tidal quality factor, Q, are much larger than values estimated for Solar System objects. This is because the conversion of tidal energy to thermal energy is inefficient in a partially molten planetary mantle: the rigidity of the planet has decreased, so the planet experiences less internal friction. In the absence of prior estimates of Q for the TRAPPIST-1 planets, N -body simulations evaluating the stability of the orbits in the TRAPPIST-1 system have assumed Earth-like values: Q ∼ a few hundred (Gillon et al. 2017; Bolmont et al. 2015) . This may lead to inaccurate estimates of the dynamical lifetime of the system (Gillon et al. 2017; Tamayo et al. 2017 ).
Here we have combined long-term N-body simulations with sophisticated tidal and thermal modelling. Specifically, for the Nbody simulations we used initial conditions that are predicted from the formation of the TRAPPIST-1 system to study the system's dynamical stability. We found that the median instability time is close to 30 Myr, consistent with predictions of the dynamical lifetime of other such multi-resonant systems (Izidoro et al. 2017) . Tidal secular theory predicts that the majority of the tidal dissipation of the system occurs in the innermost two planets. We used this theory and the dynamical instability timescale to constrain the tidal parameters of the inner two planets. We have found lower limits for the tidal parameter k2/Q, having values above 2 × 10 −4 for TRAPPIST-1 b and 10 −3 for TRAPPIST-1 c. Additionally, we applied multi-layered viscoelastic deformation models of the type used to estimate tidal dissipation and stresses in the Earth and the Galilean and Saturnian satellites (Sabadini et al. 1982; Segatz et al. 1988; Roberts & Nimmo 2008; Wahr et al. 2009) , to provide more realistic estimates of Im(k2) and Q for the TRAPPIST-1 planets. We found that the fiducial interior model gives lower values for the k2/Q tidal parameter of planets b and c (in the range of (0.08 − 0.37) × 10 −4 and (0.4 − 2) × 10 −4 , respectively) than obtained from the dynamical models.
The agreement is better if we increase the maximum eccentricity damping timescale from 30 Myrs to 100 Myrs because this would decrease the allowed minimum value of k2/Q and for it to be more consistent with those calculated from the interior models.
In this work, however, we made several simplifying assumptions, first and foremost that all the planets are assumed to be synchronous throughout most of their evolution. As the planets spin down, they are expected to be temporarily trapped in spin-orbit resonances. From our numerical simulations the eccentricities of the TRAPPIST-1 planets remain at values near 0.01. As a result, planet c almost certainly spun down to the synchronous state, the probabilities of its capture in the 2:1 and 3:2 spin states being 0 and 0.02, correspondingly. At the same time, planet b could have been captured in the 2:1 spin-orbit resonance with a probability of as high as 0.2; its capture in the 3:2 spin-orbit resonance was certain had it skipped past the 2:1 (Makarov et al. 2018) . It ensues from equation (156) in Boué & Efroimsky (2019) that, while in the synchronous and 3:2 spin-orbit resonancesė < 0 always, in the 2:1 spin-orbit resonance this rate is positive (up to some caveats). Thus, had planet b been trapped in the 2:1 spin-orbit resonance, this planets eccentricity was not decreasing but increasing during that capture. Should such eccentricity pumping have occurred it begs the question if this could have affected the stability of the whole system during the initial higher-eccentricity phase. Such an eccentricity increase would also increase the AMD of the system and this increase would need to be compensated by stronger damping in the other planets because the system did not undergo a global instability caused by excess AMD. We reserve an investigation of eccentricity damping versus pumping for future work.
The temporary trapping in the 3:2 spin-orbit resonance state has another consequence. In these higher spin-orbit resonance states the tidal dissipation rate is orders of magnitude higher than in the synchronous state, so that captured planets gradually heat up further, potentially alter their rheology, subsequently pop out of these spin-orbit resonant states and continue to despin towards the synchronous state. However, a heating of the interior appears to decrease the efficiency of tidal eccentricity damping, leading to a paradox as to how the system damped the excess eccentricity at all. It is possible that most of the tidal damping happened in the 3:2 spin-orbit resonance configuration which could have changed the tidal parameters computed both from the dynamics and interior models, and when taking this into account the agreement between the two could be better.
Despite the somewhat different outcomes from the two models, we encourage the application of this two-method approach to constrain the tidal parameters of planets in other multi-resonant systems.
